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Abstract. In this paper we consider tlie space BMOo(S., X) of bounded mean oscillations and 
odd functions on R taking values in a UMD Banach space X. The functions in BMOoQ^, X) are 
characterized by Carleson type conditions involving Bessel convolutions and 7-radonifying norms. 
Also we prove that the UMD Banach spaces are the unique Banach spaces for which certain 
7-radonifying Carleson inequalities for Bessel-Poisson integrals of BAfOo(R, X) functions hold. 



1. Introduction 

As it is well known the Hilbert transform H defined by 

Hf(x) = P.V. / ^^dy, a.e. x € M, 

is bounded from L^iM.) into itself, for every 1 < p < 00, and from i^(M) into L^'°°(M). If X is 
a Banach space, the Hilbert transform is defined on L^'(K) (g) X, 1 < p < 00, in the natural way. 
A Banach space X is said to be a UMD space when the Hilbert transform can be extended to 
the Bochner-Lebesgue space L''(IR,X) as a bounded operator from LP(IR,X) into itself, for some 
(equivalently, for any) 1 < p < 00. Equivalent definitions and other properties and applications of 
UMD Banach spaces can be found in [T], 0, [TU], [11], [12, [H], [21], [23], [H] and [M], amongst 
others. 



In [4] and [5] it was studied the space BMOo{^) of odd bounded mean oscillation on M. 
BMOo(R) was characterized by using Carleson measures involving Poisson and heat integrals asso- 
ciated with Bessel operators ([51 Theorem 1.1]). In this paper we consider the Banach valued odd 
BMO space. Assume that X is a Banach space. We say that a function / G L\^^{M.,X) belongs to 
BMO(M,X), when 

^^^^TT\ / Wfi^) - hWxdx < CO, 

/CR K I J I 

where the supremum is taken over all bounded intervals / C M. Here // = jTy // f{x)dx, the 
integral being understood in the Bochner sense, and |/| denotes the length of /. By BMOoi^, X) 
we represent the space of all odd functions in BAIO{M.,X). According to the John-Nirenberg 
inequality we can see that an odd function / g Lj^^CM.jX) is in BMOo{R, X) if, and only if, for 
some (equivalently, for any) 1 < p < 00, there exists C > such that 

(1) (^^li/(^)-//ll^rf^)'^'<c, 

for every interval / = (a, &), < a < 6 < 00, and 

(2) (^^JUi^Wxd^Y' <C, 

for each interval / = (0, 6), < 6 < 00. Moreover, for every / e BAIOo{R, X) and 1 < p < 00, 
||/||_BMO(R,x) is equivalent to the infimum of the constants C satisfying ([T]) and (|2|. 

For every A > 0, we consider the Bessel operator Ax = 'Si-'^'^^ 'Sx^^^ ™ (0, 00). If Ji, 

denotes the Bessel function of the first kind and order v. we have that 

(3) ^\,x {VxyJx~i/2{xy)) ^ y^y/xyJx-i/2{xy), x, ye(0, oo). 
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The Hankel transformation h\ is defined by 

/•oo 

h\if){x)=l y/xyJx-i/2{xy)f{y)dy, x € {0,oo), 



for every / € L^{0,oo). The transformation hx plays in the Bessel setting the same role as the 
Fourier transformation in the classical (Laplacian) setting. h\ is an isometry in L^(0,oo) and 
h^^ = h\ on L^(0,oo). 

We represent by S'a(0,oo) the space constituted by all functions (p <5 C°°{0,oo) such that, for 
every m, fc S N, 



I^LkW = sup 

a;e(0,oo) 



1 d 

X dx 



(x-V(x)) 



< oo. 



S'a(0,oo) is endowed with the topology generated by the family of seminorms {/3^ fc}m,fcGN- The 
Hankel transformation hx is an automorphism in S'a(0,oo) f |37l Lemma 8]). The dual space of 
S'a(0,oo) is denoted by 6*^(0,00)'. 

If f,g E L^{{0,oo),x^dx) the Bessel (also called Hankel) convolution #a is defined by 

/•oo 

{f#\9){x)= f{y)\Tx{g){y)dy, xe(0,oo), 
Jo 

where the Bessel translation xTxig) of g is given by 



\Tx{g)(jj) = 



(sin( 



f 1 — cos ( 



d9, x,y E (0, 00), 



,/7F2^-i/2r(A) Jo {{x^ 2/)2 + 2xy{l - cos 9)f^^ 

(see [18]). By |19| Theorem 2.d] we have the following interchange formula, 
(4) hx{f#xg){x) = x-^hx{f){x)hx{g){x), x G (0, ex.). 

From Q it is clear that #a is a commutative and associative operation in L^((0, 00), x^dx). 

The #A-convolution was studied on 6*^(0,00) and 6*^(0,00)' in |28] . The mapping {(fijip) ' — > 
(p^x'tp is bilinear and continuous from Sx{0, 00) x Sx{0, 00) into Sx{0, 00) ([28, Proposition 2.2, (i)]). 

The Hankel convolution fi^x4' is defined when / G L^{{0, oo)^x^dx] X) and G i^((0, oo)^x^dx) 
in the natural way, that is, understanding the integrals in the Bochner's sense. 

If : T — !• M, where T = M or T = (0, 00), we denote by and (pt, i > 0, the following dilated 
functions 

While 4)t is the classical dilated function, is the one adapted to the A^-setting. 

By 7 (l2((o,oo)2, ^);X) we represent the Gauss space, also called 7-radonifying operators 

from L2((0, oo)2, ^^1^) into X (see [53] and [3T] for general definitions and properties). Suppose 
that F : (0,oo)2 — y X is weakly-L2((0, oo)^, ^;X), that is, G = {F,x') G L'^{{0,oof, ^), for 
every x' G X' , where X' denotes the dual space of X. We say that F G 7 {L'^{{Q,oof, ^);X^ 
when the operator Ip defined by 



(0,00)2 



Ipih) 

belongs to 7 (^L'^{{Q,oo)'^, ^^);X), that is 



F{y,t)hiy,t)^, heL^({0,^r,^] 



^ dtdy 



< 00, 



L2(n,x) 
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where the supremum is taken over all finite orthonormal families {hj} in L^((0, oo)^, ^|^) and 
{7j}j^i is a sequence of independent complex standard Gaussian random variables on some proba- 
bility space {n,A,V). In this case, we write ||-F|l^(-^2((o,oo)2,^?^);X) to refer II 11^(^2 ((0,00)2, ^^^t ):x) ■ 
If F is not weakly-i^((0, 00)^, we say that ||^||-y(L2((o,oo)2,^^);X) ^ 

Hytonen and Weis introduced vector valued versions of some functionals considered by Coif- 
man, Meyer and Stein [T3] to define tent spaces. Here we work with truncated versions of Hytonen 
and Weis' functionals. For every x,r G (0, 00) we define the truncated cones 

T+ix)^{iy,t) e (0,cx))2 : \x-y\<t}, 

and 

r;(x) = {(2;,i)e(0,oo)2:|x-y|<i<r}. 

Let F : (0,cx))^ — > X be a strongly measurable function. We define the conical square function 
A+{F) as follows 

A+{F){x) \\F{y,t)xr+ix){y,t)\\^(^L^(Q,ocy,i^y,x)^ ^ ^ (0,oo). 
Also, we consider for every r > the truncated square function j4+(_F|r) given by 

A+{F\r){x) = ||-F(2/,t)xr!;(a.)(2/,OllT,(L2((o,oo)2,^^);x)' ^ ^ (0,oo). 
Note that, according to [23, p. 499], if X = C, then 

/ \ 1/2 

A^{F){x)^[[ , .e(0,oo). 



\JT+(x) t / 

For every < g < 00, we define C^{F) by 

C+iF)iz)^sup(^^J^A+iF\\I\/2nx)dx^ '\ ze(0,oo), 

where the supremum is taken over all bounded intervals / C (0,oo) such that z G I. C^{F) is 
somehow a 5-average of the truncated conical square function. 

We now state our first result that can be seen as a Bessel version of [231 Theorem 1.1]. 

Theorem 1.1. Let X be a UMD Banach space and A > 1. Assume that f is an odd X-valued 
function satisfying that (1 + x^)~^ f G L^{M.,X) and (j) G 5*^(0,00) such that x^(j){x)dx — 0. 

(i) Iffe BMOo{R,X), then C+{f#x^^t)) e i°°(0,(»), for every < g < 00. 
(ii) IfC+{f#x(l)(t)) e L°°(0,oo), for some < g < 00, then f e BMOoiR,X). 
Moreover, the quantities ||./||bmOo(R.X) o,^d, \\C^ {f=^x't'{t))\\L'^{o,oo)? < q < 00, are equivalent. 

The Poisson semigroup {P^}t>o associated with the Bessel operator (that is, the semigroup 
of operator generated by —\/ Ax) is given by 

/>oo 

P^{f){x)^ Pt\x,y)f{y)dy, t,xG(0,oo), 



where the Poisson kernel P^{x, y), t,x,y G (0, 00), is defined by ([36 ) 

P^{x,y)= ^ ^' / J- ..^,2^0 n fl^'^^' ^.^^ye O'O^ 

^ JQ [(a; — y)^ + + 2a;y(l — cos 6')]^+-^ 
The semigroup {Pt}t>n is contractive in i^(0, 00), \ < p < 00, but it is not Markovian 



In [6J Littlewood-Paley (^-functions associated with {P/'}f>o acting on Banach valued functions 
were defined. If 1 < g < cxd and / : (0, 00) — > X is a strongly measurable function the g^-function 
of / is defined by 

1/9 



Those Banach spaces that admit a g-uniformly convex or q-uniformly smooth (see |33| for defi- 
nitions) equivalent norms were characterized by using i^-inequalities involving g^-functions (|21 
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Theorems 2.4 and 2.5]). 

Also we can define the q-conical square function (/) of / associated to the Poisson semigroup 
{Pt^}t>o by 

aydt \ 



G^,{I){x)^U ^JtdtP^U){v)\\\^\ , :re(0,oo). 



By taking into account the results in [27_ and by using the ideas developed in the proof of |6j 
Theorems 2.4 and 2.5] (see also [3, Proposition 1.3]) the Banach spaces having g-uniformly convex 
or smooth renorming can be characterized in the following way. 

Theorem 1.2. Let X he a Banach space and A > 0. 

(i) Suppose that 2 < q < oo. The space X admits a q-uniformly convex equivalent norm if, and 
only if, for some (equivalently, for any) 1 < p < oo, 

I|G^(/)IIlp(o,oo) < C||/|Up((o,oo),x), / e £''((0,00), X). 

(a) Assume that 1 < q < 2. The space X can be q-uniformly smooth renormed if, and only if, 
for some (equivalently, for any) 1 < p < oo, 

ll/IU.((o,oo),x) < C\\G^g{f)hp(o^o.), f e LP((0,oo),X). 

Also in [3J the authors characterize the Banach spaces with a g-uniformly convex and smooth 
equivalent norm by using Carleson measures and the space BMOo{^, X). 

Theorem 1.3 ([3, Theorems 1.1 and 1.2]). Let X be a Banach space and A > 1. 

(i) Assume that 2 < q < oo. Then, X has an equivalent norm which is q-uniformly convex if, 
and only if, there exists C > such that, for every f G BMOo{R, X), 

T w\ r I ^ ^11/11 

where the supremum is taken over all bounded intervals I in (0,oo). 
{a) Suppose that \ < q < 2. Then, X has an equivalent q-uniformly smooth norm if, and 
only if, there exists C > such that, for every odd X-valued function f , satisfying that 
{l+x^)-^f eL\R,X), 



WfW'BMo.iM^x) ^ ^ / \\tdtPt'{f)iym^, 

where the supremum is taken over all bounded intervals I in (0,cxd). 
Note that 

For every t > 0, the operator is a Hankel convolution operator. Indeed, if we define 



2^+i/2r(A- 



A 



M^)- ^ (1+.2)A+1' -MO,00), 

then Pt^(/) = f#\k^ty, f G ^^(0, oo), 1 < p < oo, and t > 0. Moreover, we can write 

tdtPt\f) = f#xtdtkf,y f e L^'(0,oo), t > 0. 



Note that 

= A(t)(a;), t,xe (0,oo), 



u—x/t 



where 

fi^(x) = -(A + l)k^(x) - x-^k^(x), X e (0, oo). 

ax 

It is not hard to see that x^li^{x)dx = and that ^ 5'a(0,oo). Our next result cannot be 
deduced from Theorem |l . l| because ^ S'a(0,oo), but has sufficient decay so the computations 
given in the proof of Theorem |1.1| (see Section |3| remain valid, even for A > (see O Proposition 
4.4]). 
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Theorem 1.4. Let X be a UMD Banach space, A > and q > 0. Then, there exists C > such 
that 

^II/I|bA/0„(R.X) < \\Cq{tdtP^if))\\L°°(o^ac>) < C\\f\\BMO^{m,X), 

for every f € BMOoiR,X). 

Note that if X = C, we have that 

, dydt 
\''<Jtr-t \J )\y)\ ' 



\\Cl^{tdtP^{mUi^,^) -sup- / / \td^P^{]){y)Y-Z^dx 



For a general Banach space X , even when q ~ 2, 

l|c+(ta,p,\/))||^^(o_^)^sup^^'''y^l|ta,p,^/)(y)ll^^ 

Indeed, if X is a UMD Banach space and 



/ e BMOoiR,X) 



||C+(ta*P,^(/))||i„.(o,^)^sup^^ J^\\td,P,\f){y)rx^, feBMOo{R,X) 



Theorems |1.3| and |1.4| impHes that X has an equivalent 2-unifornily convex norm and an equivalent 
2-uniformly smooth norm, hence X is isomorphic to a Hilbert space (see |25l Proposition 3.1] and 
|33[ Proposition 4.36]), and this is not always possible. For example, Lp{M.), 1 < p < cx), p 7^ 2, is a 
UMD space which is not isomorphic to a Hilbert space. 



We now establish a new characterization of the UMD Banach spaces in terms of the Poisson 
semigroup {P^}t>o and the functional C^. 

Theorem 1.5. Let X be a Banach space, A > 1 and < q < 00. Then the following assertions are 
equivalent. 

(i) X IS UMD. 

(ii) There exist C > such that, for every odd X-valued function satisfying that (1 + x^)^^/ G 
L^{R,X), 

(5) ^\\f\\BMO.iM,X) < ||C+(i5tP,\/))|U^(o,oo), 

and 



(6) 



< C'll/l|sj\/0„(R,X), 

L=°(0,oo) 



where Dx ^, = z^-^z ^. 



This paper is organized as follows. In Section [2] we establish some auxiliary results. We prove 
LP-boundedness properties of and a polarization identity involving ^^-convolution. The proof 
of Theorem |1.1| is presented in Section [3] Finally in Section |4] we give a proof of Theorem |1.5| 



Throughout this paper we denote by C a positive constant that can change in each occurrence. 

2. Auxiliary results 

In this section we establish some results that will be useful in the proof of Theorem Firstly 
we prove two boundedness properties of A+. 

Lemma 2.1. Let X be a UMD Banach space, A > and \ < p < 00. Assume that (p G S'a(0,cxi), 
verifying that x^cj) has vanishing integral over (0, 00). Then, there exists C > such that 

P+(/#A0(t))||L.(O,oo) < C||/||lp((0,oo),X), / e Lf((0,(^),X). 

Proof. Let / £ LP{{0,oo), X). To simplify the notation we call — 0(u))u'^'*', w € (0,cx)). 

According to |14j, p. 85], there exists <i> in the Schwartz class S{M.) such that ^{w'^) = V'(w), 
w e (0, 00). We also introduce the function, 

1 

^^""^ ^ V^2^+i/2r(A) Jo "^"'*(^'+^)^"' "^^^^ 
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We can write 

=Ki{z;y,t) + lC2{z\y,t), t,y,z e (0,oo). 
Taking into account that $ G S{R), we obtain 

<cz4r r ^^^^ ]'^'-c.4r ] 

- Wo K-y\{t + y + zy>^+^\ XJo i\x-y\+y + zr^+^i 



1/2 



On the other hand, by proceeding in a similar way we have that 

r poo 2X \ 1/2 

ll^i(^;y,*)llL2(r^(,),^) <C2^|y^ (|^_^|^|^_^|)4A+3 ^^| , (0,oo). 

In order to analyze this integral we consider two situations. Firstly, assume that < ^ < x/2. 
Then, 



(|a:-y| + |2/-0|)4A+3 V J, {x + z-2yy^+^ ' J, [x-zY^+^'J, {2y - x - z) 



^2A+3 



SL' 7 1 o + 7 \o\ 1 n ^ 



^ (a; - .2)4A+2 (a; _ ^)2A+2 J - {x - .2)2A+2 ' 

By symmetry reasons, we also have that 



Jo 



dy < -, 0<2x<z<oo. 



lo (k -y\ + \y- {z- 

Thus, 

1 

(8) 11^1(2; y>i)llL2(r+(r,:),^^) ^ ^ |^_" |A+1 - 



< .2 < x/2, 

X ' 



-, 0<2x<z. 
z 



We now introduce the new kernels 

r „ f) - (^/^)' .2A-i^ ( {y-zr + 2yz{l-cos9) \ 

and 



i2 
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^ 6*2, when 9 e (0,7r/2), we 



By using the mean value theorem, the decay of $ and that 2(1 — cos 
can write, 



\\ICi{z;y,t) - /Ci,i(z;y,i)||^2(p^(^) dwt) 



r+(x) \t^^+^ jQ 



( (y^y 



A /-Tr/2 



sm ( 



q2A+1 



2A-1 /i2A-l| 



(?/ - z)2 + 2?;z(l - cosff) 



1/2 



f2 



r+(x) V*'^^' -^0 Vi' + (y-2)' + 2yz(l-cos( 



A+l 



1/2 



de dydt 



{yz) 



r+(x) 



Tr/2 



g2A+l 



1/2 



(t2 + (y~z)2 + y202)A+ 



-de dydt 



(9) 



C 



<-(l + log_,^ r , Q<x/2<z<2x. 

z \ ^ \x~z\J 

In the last inequality we have used the estimations shown in [F, p. 483-484]. Analogously, we get 

11^1,1 y, t) - >Ci,2{z; y, t)\\ i2(r_^(a;),;?j^) 



<C 



<c 



<c 



r+{x) 



r+{x) 



^2A+2 



A /•^/2 



q2A-1 



{y - + 2yz{\ - cosO) 



- $ 



[y - zf + yze'^ 



^2A+2 



A /•7r/2 



,2;,_iyz|l-cos0-^^2/2| 



t2 



i2 + (y - z)2 + 2/26*2 



A+2 



^6*^ dydt 

1/2 



r/2 



^2A+1 



1/2 



r+(.) l'" ' Jo it^ + iy-zr+yz9^)^+ 



-de dydt 



(10) 



<- 1 + log, r , 0<x/2<z<2x 

z \ ^ \x~ z\J 

We now split the kernel /Ci_2 as follows, 

{yzY 



^1,2(2; y,t) 



/7F2A-i/2r(A)t2A+i I 7„ 7^/2 



00 poo 



52A-i^ ^ (y-2)2+yz02 



i2 



d6i 



=•^^1,3(2:; y, - /Ci^4(z; y, t), t,y,z e (0, cx)). 
By making the change of variables u = yzO"^ /t^ we arrive at 



^1,3(2;; y,t) 



/7F2A+i/2r(A) 7o i 



00 ^A-l 



y - z 



+ u d?i = *t(y-z), i, ?;,z e (0,cx)). 



By using again that $ e S'(M), the bound obtained in [5] p. 486-487] allows us to write 

V' ^)ll L^ir+ix),"^) 

(iy^ r.2A-i/ 



1/2 



r,(.) ^^/2 



<c 



(11) <C<; / (yz) 



+ (y - z)2 + yz6'2 



d6' dydt 



q2A-l 



1/2 



^ T^^l^^^^Y-^^^^de dydt} <-, .,z,e(0,oo). 



c 

z 
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By putting together estimations ([7l)-pT|, we deduce that 



A+(/#A0(t))(a;) 



< 



x/2 
2x 



f{z) \Ty{(l)(t)){z)XT+(x){y, t)dz 
/(z)^2(^;y,i)Xr+(a;)(y,0||^(i2((o,oo)2,^^);X) 

/(0)/Ci(z;y,t)xr+M(y,O|^i2((o,oo)2,^^3^);X) 
f{z) [Ki{z;y,t) - lCis(z]y,t)] Xr+(i.) (y, |^i2((o,oo)2,^);x) 



(0,x/2)U(2x 
2x 



' \\f{z) [/Ci,i(z;y,i) - lCi.2{z]y,t)\ 

XT+(x){y^ ^) ||-,^^2(-(-Q 3„-)2 tiy^tit y) 
||/(z)/Ci,4(2;?/,t)Xr+(a;)(2/,i)||..^(i2((o,oo)2,^^);Jf) '^^ 



/2 



/(z)/Ci,3(z; J/, t)xT+(x) {y, t)dz 



7(L2((0,oo)^^^);X) 



< / \\f{z)\\x \\}C2{z;y,t)\\^2i^r+(x),^)^^ + 



(0,x/2)u(2a:,oo) 



ll/(^)llx ll''Ci(2;;y,t)||i2(r_^(^)_fijK«) 



dz 



2x 



+ J ^ \\fiz)\\x \\ICi{z:y,t) - /Ci,i(z; y, t)||^2(p^(^j_d^^ dz 
+ J \\f{z)\\x \\ICi,i{z;y,t) - ICi^2{z;y,t)\\^2(^r+ix),!^)(^^ 

r2x 



^ J /2 "•^'■'^'"'■^ \\'^iAiz;y,t)\\L2(r+(x),^)d^ 



/2 



/(z)^i,3(z; y, t)xr+ix) {y, t)dz 



7(L2((0,oo)2,^^);X) 



<C(i/o(||/||^)(a:) + i^oo(||/||x)(a:)+AA(||/||x)(x) 
(12) 



2x 



/2 



/(z)/Ci,3(z; y, t)xr+(a:) (y, i)dz 



7(l2((0,oo)2,^^):X) 



^, x € (0,cx)), 



being 



Ho{g){x) = - g{z)dz, x G (0, oo), 
a; ,' 



Hooig)ix) 



g{z) 



and 



J^{g){x) 



/2 



1 + log. 



dz, X £ (0, oo), 



g(z)dz, X £ (0, cx)). 



It is known that the Hardy type operators Hq and H^o are bounded from LP(0, oo) into itself (|29]). 
M also maps LP(0,oo) into _L?'(0, oo), even for p = 1. This can be easily checked by taking into 
account that 

^2 



< 



1 

1/2 



1 + log+ 



u 



du < 



and by applying Jensen's inequality. 
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We now analyze the last quantity in (12). We define f{x) — f{x) when a; > and f{x) — 0, 
otherwise. It is clear that, 



x/2 



/(z)/Ci,3(z; y, t)xr+{x) iv, t)dz 



7(L2((0,oo)2,^^);X) 



< 



(/**t)(y)xr+(x)(z/,i) 



7(L2((0,oo)2,i^);Jf) 



+ / \\S{z)\\x\\'^t{y - z)\\^.,,^,. iyit.dz, a;e(0,cx)), 

. In ^ ^ " ' 



/(0,2;/2)u(2x,oo) 

and this second integral is controlled by Hardy type operators. Indeed, observe that 

1/2 



ll*t(y-^)llL2(r+(:r),iiM|^i) 



<C- 



OO /"OO 



dydt 



<C 



J\x^y\ it+\y-z\)^ 

dy 

{\y - z\ + \x ~ y\)^ 

1 



dy 

{\y- A + |a;-y|)' 



1/2 



(13) 



C I X 

<— — < C 
\x-z\ \ I 



, 0<z<x/2, 
, 0<2x<z, 



because ^! G S'(M). Here I^^z represents the interval (minja;, z}, max{a;, z}). Hence, it only remains 
to prove that 



(/**0(2/)Xr+(.)(y,t) 



7(L2((0,oo)2,i^);X) 



< C'II/I|lp((0,oo),X)- 



Lp(0,oo) 



Let {7j}jeN be a sequence of independent complex standard Gaussian random variables in the 
probability space {il,A,V). Suppose that {^j}jLi is a finite family of orthonormal functions in 
L2((0,cx))2,^). By defining 



hj{y,t) 



hj{y,t), y>0, t > 0, 
0, 2/ < 0, t > 0, 



{h]}jLi is also orthonormal in L'^{R\, ^^), where R\ denotes the half-space M x (0,oo). Then, 



N 



Y^iiM / ih'i't)iy)xr+ix)iy,t)h,iy,t) 



dydt 



(0,00 



i2 



dV{w) 



X 



N 



/ (/**t)(y)xr(.)(y,<)/»j(2/,t) 

,=1 



dydt 



(14) 



< 



(/**0(y)xr(.)(y,0 



7(L2(R^,^^);X) 



^2 

, X e (0, oo] 



2 


p(w)l 







1/2 



Here T{x) = {{y, t) e R\ : \x - y\ < t}, xeR. 

Finally, applying [23, Theorem 4.2] we conclude that 



(/**t)(2/)Xr+(.)(y,0 



7(L2((0,oo)2,^^);X) 



< 



LP(0,oo) 



(/**t)(y)xr(.)(y,t) 



7(L2(R^,^^);X) 



<CII/II 



Cll/ll 



LP{{0,oo),X)- 



10 



J.J. BETANCOR, A.J. CASTRO, AND L. RODRlGUEZ-MESA 



Note that, \23i Theorem 4.2] requires that "if has vanishing integral, and this is a consequence of 
the hypothesis imposed over </), as we now show. 



oo />oo 



/7F2>-i/2r(A) 7o Jo (V^IPT^) 
1 



oo /'OO 



(15) 



V^2^--V2r(A) Jo 

1 

= 2A-i/2r(A + l/2) Jo 



{z^ - w^)^-^z^-^(j){z)dzdw 

^^^cl){z) I {z^ -w^f-^dwdz 
Jo 

z^(j){z)dz = 0. 



□ 



We now introduce the operator defined by 



yx{f){x,t)= f{y)tDx.,yPt\x,y)dy, t,a^e(0,oo), 
Jo 

where Dx.y = V^-^yV '^ ■ Note that is not a Hankel convolution operator. Hence, the next result 



is not a special case of Lemma |2.1[ 

Lemma 2.2. Let X he a UMD Banach space, A > and 1 < p < oo. Then, there exists C > 
such that 

iyx{f))\\ /Gif((0,(^),X). 
Proof. Let / e LP((0, oo), X). We have that 



tD,^.P,\y,z)=-^-^^^t\yz)' 



■K 12 fix 



(sin 61)2^-1 \{z -y)+y{l- cos 6)] 

mA+2 



./2 [(y-z)2 + f2 + 2?yz(l- 



d0 



^Ci{z;y,t) + C2{z]y,t), t,y,ze (0, cx)). 
We introduce the following kernels, which will help us to obtain the desired estimations. 



^i,iiz]y,t) 



^1,2(2; 2/,t) = - 



4A(A + 1) ^x 9^^-^[{z~y) + y{l-cos9)] 



[{y - zf + i2 + 2yz(l - cos 0)]-^+2 

00 ^00 \ 6/2A-l[(^_y)^^^2/2] 



=J^i,3iz;y,t) - ^iA{z;y,t) 



./2J [{y-zy + t^ + yze^]^+^ 

0'^-\z-y) 



d9. 



d9 



[{y - z)^ + + yz9^]^+^ 



d9. 



and Cifi{z; y, t) = £i,3(^; y, t) - £1,5(2; 2/, i), for every t,y,z e (0, 00) 
We can write 



f{z)tDx^zPt {y,z)dz\ (x) < / ||/(z)||x ||/:2(2;;2/,t)|li2(r_^(^)_ii!^) 



||/(z)||x||A(2;y,t)|| 



(0,a;/2)u(2a;,oo) 
2x 



dz 



x/2 
2x 

x/2 
2x 



(16) 



x/2 
2x 



\\fiz)\\x \\Ci{z;y,t) - £i^i{z;y,t)\\^2(^r+{x),!i^) 
\\f{z)\\x \\Ci^i{z;y,t) - £i^2{z;y,t)\\^2(^r+(x),^) 

11/(2:) lU W^i Aiz;y,t) - ^ifi{z;y,'t)\\L^r+ix),i^) '^'^ 



x/2 



f{z)Ci.5{z; y, t)xr+(x) {y, t)dz 



X £ (0, 00). 



7(L2((0,oo)2,^^):X) 
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Our objective is to analyze the LP-boundedness properties of all the operators appearing in each 
line in the right hand side of the last inequality. 



First of all, by ([t]) we have that 



and also by proceeding as in 



^ dydt 




{L,(.) {t+ 






i in ( 






H 













dtdy 



1/2 



< 



c 



X + z 



x,z e (0, oo), 



^ r'^ (sin 61)2^-1 [z(l- COS 6*) -(y-z) COS ( 



-de 



1/ 



dydt 



^2A+2y2A 



dydt 



< C 




1/2 



(.)(|y-z|+i)4A+4 

< z < x/2, 
<2x < z. 



dydt 



Then, the two first operators in ( 16 I are controlled by the Hardy type operators Hq and Hao, which 
are bounded in LP(0, oo). 

By applying the mean value theorem we obtain, for every t,y, z d (0, oo), 

^i{z;y,t) ~ Ci^i{z;y,t) + \£i^i{z;y,t) - Ci^2{z;y,t)\ 



7r/2 



< C \^t\yz)' 
Moreover, we have that 

\Ci,e{z;y,t)-£iA{z;y,t)\ <c{t^{yz) 
(17) +t{yz)^ 



02\+3 



[{y-z)^+t^ + yz9'^]>'+^ 



r/2 



de + t{yzy 



tt/2 



02\+l 



02X+1 



y 



[(?;-z)2+f2+y26)2]A+2 
^2A-1 



[{y-z)^ + t^+yz9^]^+ 



de 



-de 



.12 [(y-z)2 + i2+yz02]A+ 



-^de^, t,y,z€ (0, oo). 



By using ([9]), (10 1 and (111 it follows that the third, fourth and fifth operator appearing in (16 1 are 
bounded from LP{{0,oo), X) into £^^(0,00) provided that the operator 



2x 



T\{g){x)=l g{z)\\Xx{z\y,t)\\^:,,^,.dyi,^.dz, a;G(0,oo), 

Jx/2 ^ +^ ''' *^ ' 



is bounded from L^'(0, 00) into itself, where 

r-7r/2 



(18) 



Mz-y,t)^t'{yzy 



Q2A+1, 



[(y-z)2+<2+y26l2]A+: 



:de, t,y,z e (0,00). 



In order to study the kernel Ix we distingue three cases. Firstly, assume that < y < z/2. We 
can write 



\Mz;y,t)\ <ct{yzy 

<Ct{yzf 

In a similar way, if < 2z < y, we get 
\Ix{z;y,t)\<Ct{yzy 



r/2 



Q2X+1 



ty 



[(y - z)2 + t2 + yz6'2]A+l z2 + i2 _|_ y;26/2 
/2 ^2A+1 

77 — d8, tg(0, 00) 

[(y - z)2 + t2 + yz6'2]A+l V . y 

02A+1 



de 



r/2 



[{y-zy+t^+yze^]^+ 



jde, te(0,oo). 
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Moreover, if z/2 < y < 2z, then 

/.■7T/2 

\Mz;y,t)\ <Ct 



(ze) 



2A+1 



<c- 



[(y-z)2+t2 + (26l)2]A+3/2 

^ te(0,oo). 



de < ct 



de 



{\y-z\+t + z6f 



z{\y-z\+t) 

From (l9| we deduce that, for each < x/2 < z < 2x < oo 



.2dydt 

\^\{z;y,t)\ 



1/2 



<- I l + log+ 



<- 



C 



1 + log. 



2Z /"CXD 



dtdy 



1/2N 



22 



z/2 \y- z\ + \x-y\^ 

l/2\ 



<- (l + log. 



Hence, the operator T\ is bounded from £^(0, oo) into itself. 

To finish the proof of this lemma we have to show that the operator Zx defined by 

r2x 



Zx{f){x;y,t) 



x/2 



f{z)Ci,5{z; y, t)xr+{x) {y, t)dz 



is bounded from LP((0,oo),X) into {(0,oo)--/(^L'^{{0,oof, ^^); 



X 



(19) 



The change of variables 9 — u\J {{y — z)^ + t'^)/yz gives us 

2t2 



^ijo{z]y,t) 



y~ z 



td,XPt{y - z)), i,2/,z e (0,oo), 



TT [(y~z)2+f2]2 

because u^-'^^^/ll + v?)^^'^du = 1/(2A(A + 1)). Here Pt{z) represents the kernel of the Poisson 



semigroup associated with the Euclidean Laplacian 

1 t 



Pt{z) = 



vr i2 + z2 ■ 



z e M, te (0,cx)). 



We define f{z) = /(z), z > 0, and /(z) = when z < 0. Then, (|14|) leads to 
Zx{f){x--,-) < 



7(L2((0,oo)2,^^):X) 



if*td,Pt)iy)xrix){y,t) 



(0,2:/2)U(22;,oo) 



7(L2(r2 ilj^);X) 

ll/(2)IU \\tdzPt{y - z)lli2(r+(a;),£5i^) a; G (0, 



Also, by doing the same computation as in (13 1, it follows that 



||/(z)||x \\td,Pt{y - ^)llL2(r+(x),^) <^z < c(^Ho{\\f\\x)ix) + H^{\\f\\x){x)), x € (0, 

z e M. It is clear that 



c 



(0,2;/2)u(2x,oo 

Note that tdzPt{z) = ht{z), z G M and t > 0, where h{z) ~ ~f (z^+i)^ ' 
J^h{z)dz = and that h ^ S'(Ili), and then [5?, Theorem 4.2] cannot be apply directly. We define 
the operator S by 

S{g){y,t)= I td.Ptiy - z)g{z)dz, 5 e ^^(M). 



It is well-known that 
(20) 



r{x) 



\S{g)iy,t)\'^ 



1/2 



<C|lg|U,(R), geL^iR), l<q< 



(see [351 p. 27-28, 180-182]). Moreover, the kernel tdzPt{y — z) satisfies the hypothesis in 
Theorem 4.8]. Hence, there exists C > such that for every g £ Lp{M.) (g) X, 



I (5 * t(9^ Pf ) (y) Xr(i:) (y , 1 1 ..^ (i2 (R2^ _ ) .x) 



<C\\g\\ 
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We denote by S the extension of the operator S Ix to L'p{R, X) as a bounded operator from 

is 



LP{R,X) to TP'^ (m.,j (^L^{M.l, where the tent space T^'^ (M.,-f (^L'^{Rl, '^);X 

the completion of Cc(M^) (E) X with respect to the norm 

Our next objective is to show that S{g) = S{g), g E LP{M.,X), that is, 

Sig){y,t)^ f td^Ptiy ~ z)giz)dz, geLP{R,X), 
Js. 

where the last integral is understood in the Bochner's sense. 

Let g £ LP{R,X). Observe that F{y,t) = S{g){y,t)xr{x){y,t) is weakly-L^ (M2_ ^ ; X) for 
almost every x e M. Indeed, from (pOl we deduce that 



r(x) 



\{Fiy,t),x'}\'^ 



1/2 



r{x) 



\S{{g,x')){y,t)\ 



2 dydt 



1/2 



t2 



LP( 



<C\\{g,x')\\Lp{R) < C||a;'||x'||5llLp(R,x) < oo, x' G X' , 



and this imphes that {F{y,t),x') G i ( 



a.e. X e 



From (19 1 it follows that 

\td,Pt{y-z)\<C- 



1 , i e (0,oo), y,z G M. 

\\y - z\ + ty 

If TV e N, we denote Tj^^x) = {{y, t) e R\ : \x - y\ < t,l/N < t < N}. We have that 



\S{g){y,t)xrj^ix){y,t) 



^Cj^^^^^ {J^i\y-z\+tr 



I.9WII 



X 



<C||5ll? 



dz I dydt 



dz 



2/p' 



dydt 



<C^ll5llL(R,x)- N€N,x£R. 

Here C > depends on e N but it does not depend on g. Assume that gn E LP{R) (E) X, n E N, 
and that gn — > g, a.s n oo, in LP{R, X). Then, for every N E N and a; e M, 

dydt 



2 fm2 dydt \ 

S{gn)Xrt,{x) — > S(g)xri^{x), as n ^ oo, m L 



Also, 



S{gn)xr(x) — > S{g)xr(x), as rn> oo, in LP [R;-/ [L 



dydt\ 



X 



Hence, there exists a subset of M such that |]R\ fij — 0, and an increasing sequence {mk}'^^i C 
such that, for every x E il, 



S{g-mk)xr{x) — > S{g)xr{x). as fc ^- oo, in 7 L 



2 / 171,2 



dydt\ 



■,x 



,X^ denotes the space of bounded operators from {^+1 ^t^) to 
X, we have that, for every x E 



Therefore, if C{L^ [Rl,^ 



Si9m^)Xrix) — > S{g)xr{x), as fc ^ 00, in £ L 



'2 / ro2 dydt\ 
+ ' t^ 



,X 



Let X E fl. Suppose that h E L'^{R'^, '^0^) such that suppft. C R\ is compact. We can write 



S{g)xv(x) (/i) = lim / S{g„iJ{y,t)h{y,t) 



r{x) 



^ dydt 



r(^) 



S{g){y,t)h{y,t) 



dydt 
1^' 



Then, we deduce that 

S{g)xr{x) = S{g)xr{x)- 
Thus, the proof of our result is finished. 



□ 
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We now define the vector valued version of the Hardy space (M) introduced by Fridli ||15j . We 
say that a strongly measurable X-valued function a defined on (0,oo) is an o-atom when satisfies 
one of the following two conditions: 

• a = bx{o,s)/S, where i5 > and b £ X with |16|lx = 1- 

• There exists a bounded interval / C (0, oo) such that supp(a) C /, Jj a{x)dx = and 
l|a|U~((o,oo),x) < l/l^l- 

A strongly measurable X-valued odd function / defined on M is in Hl{M.,X) when fx{o.oo) — 
Yl'jLi ^j'^j- where, for every j € N, aj is an o-atom and Xj e C being X^^i I'^jl *^ usual, 
the norm ||/||/fi(R,x) of / G H^(M.,X) is defined by 



II/I|hi(r,x) =inf^|Aj|, 

where the infimum is taken over all possible sequences {Xj}^i C C such that J2jLi < ^ ^^'^ 
/X(o.oo) = X^j^i '^j^j ^'^^ ^ certain family of {aj}'^i of o-atoms. Note that 

II/IIl1((0,oo),X) < \\f\\Hi{VL,X), f e HI(R,X). 

Lemma 2.3. Let X be a UMD Banach space and A > 0. Assume that (p € S'a(0, oo) is such that 
x^(f) has vanishing integral over (0, oo). Then, there exists C > for which 

P+(/#a</'w)||li(o,co) < C||/||ffi(M.x), / e Hl{R,x). 

Proof. Let / e Hl{R,X). In the proof of Lemma 



2.1 



it was shown that 



^+(/#A^(t))(x) <C( / \\f{z)\\x\\JC2{z;yMmT^(.).--^)d^ 



\\f{z)\\x \\1Ci{z]y,t)\\^2,Y.(x) ^) dz +Af{\\f\\x){x) 

(0,2;/2)u(22;,oo) * 
2x 

f{z)-^t{y - z)dzxr+{x){y,i) 



x/2 



7(L2((0,oo)2,^^);X) 



^ , x e (0, oo). 



We analyze the i^-boundedness of each operator in detail. As it was mentioned in the proof of 
Lemma 2.1 M maps L^(0,oo) into itself. The estimate (|7| allows us to write 



\\f{z)\\x ||^2(z;2/,t)||^2(r_^(^)_ii!^)d2 



dw 



Li(0,oo) 



< c 



oo /'OO 



^0 



ll/Wll 



X 



{x + z) 



A+l 



dzdx 



=C \\fiz)\\xdzj^^ ^^^^^x+i =g||/IUi((o,oo),x)- 
Also by ((sl), we obtain 



(0,a;/2)u(2a;,oo 



\\f{z)\\x \\lCi{z;y,t)\\^2(^r^(x),^) 



dz 



< C 



J (n,x/2)\j(2x,oo) 



l/WII 



\x ~ z 



A+l 



dzdx 



(21) 



■■/2 



Since / is an odd function, it has that 



/(z)*t(y-z)dz== (/ **()(?/) 



x/2 



f{z)[-^tiy- z)-'^tiy + z)]dz- / f{z)^tiy - z)dz 

J x/2 J 



/(z) [*f (y - z) - *t(y + z)] dz - / /(z)^'t(?; + z)dz , x e (0, oo) 

(0,a;/2)U(22:,oo) J2:/2 / 



2x 
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Thus, 

2x 
x/2 



< 



(/**i)(y)Xr+(x)(y,i) 



7(L2((o,oo)2,^^):X) 

\\f{z)\\x ||*t(y ~ z)- "^tiy + z)\\L^r+{x),^) 



7(L2((0,oo)2,^^);X) 



'(0,3;/2)u(2x,oo) 
p2x 

(22) +/ \\.f{z)\\x\\-^t{y + z)\\^o_^^^f^^),y^^dz, xe(0,oo) 

Jx/2 * 



Now, we apply (14 1 and |23j Corollary 4.3], 

7(L2((0,oo)2,^^);X) 



[f *-^t){y)xT+(x){v,t) 



< 



{f*'^t){y)xr(x){y,t) 



<C'll/llifi(K,X) < C'II/IIh1(E,X)- 

Finally, taking into account that ^ e 5(M) and proceeding as above we can see that 

C 

ll*t(y + 2)llL2(r+(a;),^^) - jTT^' ^'^ ^ (0,00), 

and also, by the mean value theorem, 

2: 

W^tiy - z)- *t(j/ + z)\\^2i^r+(x),!i^) ^ C* _ X, z G (0, oo), z. 

Hence, the L^-norm of the second term in (22 1 can be estimated as in ( [21] ), and for the third one 
we have 



2x 



x/2 



|/(z)||x||*t(y + ^)|| 



dz 



<C 



Li(0,oo) 



CO /'2x 



\fiz)\\ 



X 



Jx/2 



X + Z 



dzdx 



dx 



<C / \\f{z)\\x / — < C||/|Ui((o,oo),X) 



/2 



Thus, the proof of this lemma is completed. 



□ 



A straightforward adaptation of the arguments used in the proof of p3l Theorem 4.8] allows us 
to show the following duality inequality. 

Lemma 2.4. Assume that X is a Banach space and < q < oo. If F : (0,oo)^ — > X and 
G : (0,00)^ — > X' are strongly measurable then, there exists C > 0, such that 



00 poo 



^0 



\{F{y,t),G{y,t)}\^ < C / C+ {F)iy)A+ {G){y)dy. 



Assume that ^ S'a(0,oo). We say that cj) and ^ are A-complementary functions when 



h)^my)hxmy)- 



dy 

2A+1 



y 

The Hankel transformation hx is an automorphism in 5a (0, 00) ([37, Lemma 8]). Suppose that (j) G 
S'a(0,oo) is not identically zero. Then, there exists an interval / C (0,oo) such that h\{(j)){y) 7^ 0, 
y £ I. We choose ip G C^(0, 00) such that (p > 0, ip{x) = 1, x G I, and we define 



\hxmx)\'v{xy 



dx 

,3A+1 



We have that tjj S 5a(0,oo) and by (|4| the functions 4> and "0 are A-complementary. Note that, 
since ip G C;?°(0, 00), ]^ y^ip{y)dy = 0. Indeed, by ^ p. 104, (5.4.3)] and ^ we have that 

y^i>{y)dy =2''-^'^T{\ + 1/2) lim / {xy)-''+^/^]x-i/2{xy)y>'i^{y)dy 

x^0+ Jo 

=2^-i/2r(A + 1/2) lim x-^hxNj)(x) 

x^0+ 



2^-i/2r(A + 1/2) 



\hxmy)\My)^ 



lim x-'^^ip{x)hx{(t)){x) = 0. 
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Lemma 2.5. Let A > 1 and < q < oo. Assume that (1 + x'^) e L^(0, oo) and g E 
L^(0, cx)). Moreover, suppose that (jj^ip (z 5a(0, oo) are a pair of X- complementary functions such 
that j;^x^(f>ix)dx = j;^x^^Pix)dx = 0. IfC+if#x(t>^t)) G i°°(0,oo) and A+ (g^xxPi^t)) e L^{0,(x), 
then 



(23) 



f{x)g{x)dx 



OO pOO 



(/#A0(t))(y)(.9#AV^(t))(y) 



Proof. Assume that C+(/#A0(t)) G i°°(0, oo) and 74+((7:^A'0(t)) G L-'^(0,oo). According to Lemma 2.4 
the integral in the right hand side of (p3| is absolutely convergent. Hence we can write 



oo /'OO 



(24) 



(/#A0(t))(y)(g#AV^(*))(y)^ = ^lirn^ 



N poo 
1/N Jo 



(/#A0(o)(y)(5#A^(t))(y)^. 



Our next objective is to establish that 
(25) 



N 



1/N Jo 



\f#xht)Ky)i9Mit))iy)dyj = / /(^) 



N 



1/N Jo 



xTyi(j}(t))iz)ig#xiJ(t))iy)dyjdz, NeN. 



In order to do this we will prove that, for every N £ N, there exists Cn > such that 



(26) 



Cn 



I |AT„(0(t))(z)(g#AV'(t))(y)|dt/< iG (1/A^,A^) andze (0,oo). 

1 + z 



As in the proof of Lemma 
z e (0,oo). By using PD] P- 



2.1 



we choose a function $ e S{R) such that $(z^ 



(z z 



\xTyi<t>^t))iz)\<C 

(27) 



I A p-T 



t^'+' Jo 
<Ct(yzf 



(sin 



we have that 

(y — zY + 2j/z(l — cos ( 



\2\-l 



(sin( 



i2 



de 



N2A-1 



t 



T-rvdO <C-7, TIT, i,?;, z € (0,oo). 

[{y-zY+f^ + 2yz{l-cos6)]^+^ + {y - zf 

Since g e L^(0, oo), by taking into account that -^{z^^J^{z)) — — z^^Jp+i(z), z e (0, oo), and 
that •\/zJp(z) is a bounded function on (0,oo), for every /i > —1/2, we obtain 

-^hx{g)ix) = ^hx{g){x) - hx+i{yg){x), x e (0,oo). 

By iterating this argument we conclude that hx{g) G C°°(0,oo). Moreover, since y/zJf^{z) and 
z^^J^(z) are bounded functions on (0, oo), for every fi > —1/2, the functions hx{g) and -^hx{g) 
are bounded on (0, oo) because A > 1. According to |37l Lemma 8], hx{ip(^t)) ^ '5'a(0,oo), t > 0. 
Then, by taking into account ([s]) and that A > 1, we get 



hx {u-^hx{yj^t)){u)hx{g){u)) {x) = j^/^a ((1 + Aa,„) {u-^hx{-^(^t)){u)hx{g){u))) (x), x S (0, oo). 

On the other hand, y^g £ L^(0,oo) and £ S'a(0,oo). Then, y^(V'(t)#Aff) G L^(0,oo) and 
hx{i>{t)){y)hxig){y) e -^^(0,00), and we obtain 



(.9#A^(t))(a;) - jqr^'^A ((1 + Aa) {u-^hxiib^t)){u)hx{g)iu))) (x), x £ (0, 00). 



We write 



Then, 



1 + Aa = 1 - (2A + l)a;^ ( ] x"^ - x^+^ 



D X 



-A 



(1 + Aa) {u-^hxi^p(^t))iu)hx{g)iu)) = {ut)-^hxi^p)iut)hx{g)iu) 



- (2A + l)i 



,A+2 



(«-^/ia(5)(w)) + (7.i)-'/lA(^)(^^0 Qi?) (7.-^/lA(<?)(^i)) 



((ui)-^/iA(^)(wt)) ^/-^/iA(.g)(«) + {uty^hxmut) -D {u-^hxig)iu)) 



D {{utr^hx{^){ut)) u-^hx{g){u) + 2{-d) {{uty^hxmut)) 



t,u £ (0, 00). 
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By using again that h\{ip) e Sx(0,oo) and that the function z ^J^{z) is bounded on (0, oo), for 
every /i > —1/2, we deduce that, for some m e N, 

\hx {{1 + Ax) {u-^hx{i'(^t)){u)hx{g){u))) ix)\ < Ct-"', i,xG (0,oo). 

Putting together the above estimates we get, 

C f°° t 
C / t t dy \ 



<- 



< 



l/iV2 + z2y^ l + y2 t^ + {y-z) 



\2 



<T^, (i/iV,iV), (0,oo). 

1 + z-^ 



Thus (26) is estabhshed. 



Since g e i^(0, oo), g defines an element Tg G Sx(0, oo)' by 

/•oo 

iTg,^) = 9{x)'~p{x)dx, ip Sx{Q,og). 
Jo 

According to we can write 

\Ty{(j}(t)){z){g#x'ip(t)){y)dy = #A0(t)) {z) = {Tg#x (V^(i)#A0(t))) (^) 

= (.9#A ('/'(t)#A0(t))) (z), z e (0, oo). 
Hence, for every ip S S'a(0,oo), Tg^xP is defined by 

(rg#A(y5)(.x) = (Tg, xTxP), X e (0,00), 

(see [7] for details about distributional Hankel convolution). 
Note that, by using the interchange formula, we get 

x^^ 1 

h\ (V'(t)#A(/>(t)) (a;) ^x^^hx{ip{t)){x)hxi(l}(t))ix) = -j^hx{ijj){xt)^hx{4>){xt) 

= ^hx (V'#A0) (Xt) = hx ((^#A0)(t)) (x), t, X e (0, (X)). 

Hence, t{},^t)#x(t>(t) = {'^#\4>)(t), t G (0,oo). Since ?/'#a0 G 5a(0,oo) ([28, Proposition 2.2, (i)]) and 
g e ^^(0, oo), from ([27]) it follows that, for every TV G N, 

^ /"""i . X „ , ^. M'^yt^i ^ /"^ Z""" l9(y)l^ '^y^^i ^ dt f°° , , , 

^^J^ l.,(,)...(*,„fc*,„)(.)l^<c-/^J__ _,JML_J^_<c/^^Py^ |,(,)|*<c<,. 

In addition, we have that 
Thus, we obtain 

(28) ^^"^^^ AT,(0(t))(z)(g#A^(t))(2/)dyy = (^.9#A (//""^ '^(*)#^^(*) f) ) (^)' ^ ^ (f^'^^)" 
The inner integral can be written as 

^ dt n dt r°° dt 



(0(t)#AV'(t))(w)— = / (0(t)#AV'(t))(w)— - / (</'(t)#A^(t))(") — 
1/7V J1/7V ^ JN ^ 

^G(i/M){u) - G'(Ar)(u), u G (0, oo) and iV G N, 

where 

f°° dt 
G{u)^ (0(t)#A?/'(t))(u)y, itG(0,oo). 
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Since y^(f>{y)dy — y^ip{y)dy — 0, we deduce 

/"OO 

y\<l>4^x^){y)dy ^2^-^'^T{\ + 1/2) lim / y\xy)->^+'/\j^_^/^{xy){<l>4t^x^){y)dy 

-2^-i/2r(A + l/2) lim x-M {xy)'/'Jx-i/2{xy)mxi'){y)dy 
=2^-y^r{X + l/2) lim x-^^hx{(f>){x)hx{^P){x) 

poo 

y^^{y)dy / y^^{y)dy - 0. 



2A-i/2r(A + l/2) 7o 

Moreover, by using [3HJ (3), p. 135, and Lemma 5.4-1, (3)] and taking into account that (?!)#aV' G 
5*^(0, cx)), we obtain 



y 



.2X+2k 



\ydyj 



{y-^mxi^){y))dy 



=2^+'-'^'r{x + k + i/2) hm^x-^-'^hx+k (y^+' Ql^) (y-^(0#A^)(y)) j {x) 



x^0 + 



,2^+k-i/2^^X + k + l/2){-l)'' lim x-^hx{(l)i^xtp){x) 



(29) 



2'=r(A + fc + l/2)(-l) 



k foo 



r(A + i/2) 

Let fc, TO G N. Then, we can write 

1 d ^ 
u du , 



y^mxi^){y)dy = 0, /ceN. 



-A 



G[u)) 



1 d 

u du 



dt 

tJ <2A+2 



1 d 

V dv 



v-\cpij.x^){v)) 



dt 



2-2fc-2A-l 



V 



2X+2k 







By (29 1 and by applying L'Hopital's rule we deduce that 

k 



lim 



u 



1 d 

u du 



-A 



G{u)) 



< C lim 



-2fc-2A-l 



1 d 

V dv 



,2X+2k 



\v=u/t ^2X+2k+2 



v-\4>*xmv)) dv. 







and, if m > 2A; + 2A + 1, 

k 



lim 



U 



1 d 

u du 



(u-'Giu)) 



lim 

t(— >-oo 



m-2k-2X-l 



,2A+2fc 



1 d 

V dv 



1 d 

v dv 



(«-^(0#aV')M) dv 



{v-\cb#x^){v)) dv 



< CP^i^Mxi^) < oo. 
When TO < 2fc + 2A + 1, this last limit is equal to zero. We conclude that G G Sx{0, oo) 

Take a > such that supp g C [0, a]. According to pTl), we get 



|5#aG(s)(z)| <||g||L-(o.oo) / \xTz{G(^s)){y)\dy <C ^ dy 

Jo Jo ^ y) + s 



<c < 



c 



< z <2a and s G (0, oo). 



Moreover, from the penultimate estimate in ( p7| , it follows that 

|.9#aG(,)(z)| <C||g||i=e(o.oo) / \xTz{Gi^s)){y)\dy <C - — ^-nWi^y 

Jo Jo F ^ y\ 

G G 
<— -T- < — — -, z > 2a and s e (0,oo), 
^i+A 1-1-2^ 

because A > 1. 
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Hence, we conclude that 

A(//(*)#AV'(*)f)) W 



(30) sup 

NeN 



9#> 



C 

<— ^, ze(o,oo). 

1 + 



Since the function ^/zJ^j_{z) is bounded in (0,oo), for every > —1/2, pO| ) and the interchange 
formula Q imply that 

=/ia(5)(^) / /iA(</')(y)/iA(^)(2/)^^, z e (0,oo) and iV e N. 

Jz/N y 

Since h\{4>), h\{'ip) G S'a(0,(X)) and y'^(j){y)dy = y^'ip{y)dy — 0, [351 Lemma 5.2-1] allows us 
to see that \h\{4'){y)\\hx{'ip){y) \ y2\+i < oo. Moreover, h\ is bounded from L^(0,oo) into itself. 
Then, by taking into account again that (f) and V' are complementary functions, the dominated 
convergence theorem implies that 

f^^ dy 
lim hx{g) / hx{(l))iy)hx{i^){y)^^ ^ hx{g), 



in L^(0,oo), and also that 

/ 9#x{(f>{t)#x-<IJ{t))^ ^ 9, 

ll/N t 



lim 

JV->-oo 



^ dt 



1/N 

in L^(0,oo). There exists an increasing sequence {iVfc}^-^ C N for which 

f^" dt 
(31) lim / g4j.x{(t)(t)#xi}(t)){z)— ^ 9{z), a.e. z e (0, cx)). 



By applying again the dominated convergence theorem (see (30l) and by (24 1, (25 1, (28 1, (31 1 we 
obtain 



oo />oo 



dydt f°° f^'' ( I, , ^ / ^ 



{f#x<Pit)){y){9#x^{t))[y)^ ^ f{z)}im {9#xc^it)#xM){z)-dz 



/(z)ff(z)dz. 

Thus, the proof is completed. □ 

3. Proof of Theorem 11.11 
In this section we present the proof of Theorem |1.1[ 

3.1. Proof of Theorem (i). By taking into account Holder's inequality it is sufficient to show 
(i) when q > 1. Hence, from now on we assume that q > 1. Let / e BMOo{R, X). Our objective 
is to prove that there exists C > 0, that does not depend on /, such that, 

(32) (^^J^A+if#xcPit)\\I\/2y{x)dx^ ^'<C||/II 
for every bounded interval / C (0, oo). 

We take a bounded interval / = (xj — \I\/2,xj + |/|/2) C (0,oo). The function / is decomposed 
as follows 

/X(0,oo) ^ if - /3/)X3/ + if - /3/)X(0,oo)\37 + /3/ = /l + /2 + /s, 

where 3/ = (0,cx)) n (x/ - 3|/|/2, a;/ + 3|/|/2). We write Fi = fi#x(t>{t), i = 1,2,3. The estimation 
in ( 32 1 will be shown when we establish that 

(33) (^^^A+(F,||/|/2)«(a;)da;^ <C||/||bmo„(k,x), ^ = 1,2,3. 
From |32| Proposition 1.1] we deduce that 

l!^'l(y,i)Xri;l'''(2;)(y'^)ll7(L2((0,oo)2,^^);X) ^ 1 1 ^1 (^ ' OXr+ (a;) (y , 1 1 ^(^2 ((0,00)2 , ) ;X) ' X (0,CX)). 
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Then, Lemma |2 . 1 1 implies that 

<C'll/l|sMOo(R,X)- 

We now proof ( [33| for i = 2. Observe that 

A+{F2\\I\/2){x) =j| (/2#A0(t))(y)Xpi.i/2(^) {y, t)\\ 



1/9 



< 



(0,oo)\3/ 

r 

(0,oo)\3/ 



ifiz) - hi) ATy(</>(t))(z)xri^i/2(^)(y, t) 



7(L2((0,Oo)2,^);X) 



dz 



Furthermore, by (27 1, 



11/(2) - /3/llx II Arj^(0(t))(2;)||^2(^rV"''(2:),^^) ^ ^• 
\ 1/2 



A-.('^w)W|L.(rV^i/2(.),^)<CN ^^^^^3^1 <G^73^' ^eJ, ze(0,oo)\3/ 



Hence, by Lemma LI, (a)] we obtain 



{^jAHF,\\I\/2n.)d.)''' <C\I\ I MW^A^d. 



(0,oo)\3/ ~ 



00 „ 



\\!iz)-hi\\x 



dz 



~^^j-i^\i\<\xi-A<-i*'^m 



\xi - z\ 



00 



3^ V3'=|/| Js^+^i 



X 



^C*^ t^II/IIba/Oo(r,x) < C||/||bmOo(r, 



fc=0 



{VL.X)- 



Next, we analyze (33 1 for z = 3. In general, f3ii^\(f>(^t) 7^ 0, even when the function x^cj) has 
vanishing integral. This is not the case when considering the usual convolution, see |231 p. 48]. 



Observe that. 



1 



A+iFs\\I\/2y{x)dx=\\hi\\ 



X 



XTy{(j)^t)){z)d2 



dydt \ 



q/2 



t2 



dx. 



li\ addition, taking into account that 



||/3/||x<C^^||/|| 



and writing 

\Ty{(t>{t)){z)dz 



< 



■y/2 



ATy ((/>(*) )(z) I dz + 



2a 



y/2 



^Ty{(f>(t)){z)dz 



2a 



\Tyi(l)(t))iz)\dz 



it is enough to prove that 

(^7 + 1/1)" 



(34) 



|/|9+i 



-^Jj{y,t), t,y e (0,00), 



max{0, £c—t} / 



q/2 



dx<C, J = 1,2,3, 



being C > a constant independent of / and /. 



By (27 1 we can obtain the following estimations 

ry/2 



(35) Jiiy,t)<C 



{yz)H 



[(y-z)2+t2]A+] 



d^<Cj^^l^^<C — , t,ye (0,00), 
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(36) 
and 

(37) 



2y 



{yz)H 



My,t) <c 



y/2 [(y-^)2+i2]A+l 

{yz)H 



2A+1 



2a 



[(2/-z)2+t2]A+ 



-dz < CyH 



<CyH 



I2y i^ + t) 

Furthermore we will need the relation 



1 dz < C , < C 



2, (z2+f2)A+l 
t 



t,y e (0,c»), 



dz 



A+2 



(y + t)A+i - t + y' 



i, y e (0,oo). 



(38) 



J2{y,t)<C-, t,y e{0,oo). 
V 



To obtain this bound we have to proceed in a more involved way. We keep the same notation 
introduced in the proof of Lemma 2.1 We have that 



\lC2{z-,y,t)\<C 



^2\+l 



A /-TT 



{sine) 



2A-1 



/2 



y2 ^2 „ 2yz COS ( 



A+1 



de<C—, e (0,oo), 



and 



\JCi.i{z;y,t)\<C 



12X+1 



A ^oo 



q2A-1 



7r/2 



2 \ 



de<C—, t,y, z € {0,oo). 
zy 



Also by [5, p. 483] we obtain 



K^i{z;y,t) - K.i^i{z;y,t) 



<C 



^2\+l 



A /•ir/2 



(sin ( 



<tiyzy 



Tr/2 



\2A-1 /i2A-l| 



32A+1 



[t^ + {z - yy + zy9^]^+^ 



t'^ + {z- yY + 2yz(l - cos 9) 
d6 



A+l 



^6* 



<C7— I 1 + lo, 
zy 



\z-y\ 



and 

y,t) - ICi^2{z;y,t) 



<C 
<C 



t^^+' Jo 



32A-1 



(0,oo), y/2<z<2y, 



(y - z)^ + 2yz(l - cos 6*) 



<2 



(y - z)2 + yz6'^ 
i2 



7r/2 



<t{yzy 

<c- (i + iog+ 



i2A+3 y^ 

i2 \^t2 + - z)2 + yz0^ 



A+2 



^6* 



^2A+l 



[t2 + (z - y)2 + zy6'2] 



A+l 



d9 



, te (0,oo), y/2<z<2y. 



With all the above estimations and (15) we get 
r2a 
'v/2 



|^2(y,0l < / {K^2{z;y,t) + (/Ci(z;y,t) - /Ci,i(z; y, t)) + (/Ci,i(z; y, t) - /Ci,2(z; y, 0) 
"'a/2 ^ 

+ ^tiy - z) - ICiA{z;y,t)jdz 



^y Jy/2 z \ \z-y\J 



dz 



"^tiy - z)dz 



|^'t(y-z)|dz 



(-oo,a/2)U(2y,oo) 



<C-, t,ye(0,cx)). 

y 



We are ready to prove (34 1. It is important to analyze carefully the region of integration, that is 
the truncated cone r'^'^^(a;). x G (0, oo). We distinguish two cases. Assume first 2|/| < xj. Then, 



de 
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using estimates (35), (37 1 and (38 1 we get, for j = 1,2,3 



1^1'+^ Jl\Jo 7max{0,.-t} ' J ~ \I\'+'Jl\Jo J.,-\I\y't^J 



- \i\i/^\xi~\i\ xi + \i\) - \i\<in{xi~\i\)<i - ■ 

Suppose now that |/|/2 <xi< 2\I\. lix G /, then a;/-|/|/2 <x < |/|/2or |/|/2 < a; < xi + \I\/2. 
We are going to consider each situation separately. In the sequel J^^ g{z)dz — provided that a > b. 



By (351 and (37) we can write, for j — 1,3, 



iiiimr (rr i.,,„,op*?v^. 



Jxj — \I\/2 \ Jo Jmax{0,x — t} ^ / 

c fW/^fi r r+* /■'"^' r+*) dydt ^''^ 



-w\Jo [\joLy. Jo hrw 



q/2 



^ f\n/^ f r^- dydty'\ 1 f\'\'^ ( f\'\'^ f^' dydt\ 



because logz < z", for every z > and a > 0. If j = 2 we apply (36) and (38) to obtain 

4r"'({r£:v:/::v:"^r}'-'-"^if)"^- 



9/2 

dx 



<C 



\I\Jo [J. Jo 'i' J 

.|/|/2 / ../2 .2x rfj^^A 1 H/l/2 / ^4A+3 



^ H/l/2 / .|/|/2 .2* ^\ 
'\I\Jo [Jx Jo ) 



q/2 

dx\ <C. 



On the other hand, applying again (35) and (37), for j = 1,3, we get 



q/2 

■J\I\/2 WO Jmax{0,2;-t} ^ 



l^|7|/|/2Wo Jx^t {t + y? ~ \I\J\I\/2\Jo Jo I 
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and by ( 36 1 and ( 38 ) , it follows that 



J\I\/2 \Jo ./maxfO.x-t} t J 



<c 



3\I\ 



\I\/2 \ J0 



\I\/4 fx+t 



dydt \ 



q/2 



dx 



1 



3|/| 



|/|/2 fx+t 



1^1 71/1/2 [Jo Jo 



q/2 



\^\ J\I\/2 \J\I\/4 Jx-t 



\ 9/2 

^yy^+^dydt\ 



|/|/2 /■4|/| y4X+2 



\I\/2 \J\I\/i Jo 



\I\ 



4A+4 



\ 9/2 

dydt dx 



<C. 



Note that all the constants C that appear do not depend on / and /. This shows (34 1 and therefore 
the proof of (32 1 is finished. 

□ 

3.2. Proof of Theorem jTrTj {ii). Suppose that C+ {f#x(l^(t)) e L°°(0,oo), for some < g < 
oo. Since X is a UMD space, it is also reflexive and therefore BMOo(^: X) is the dual space of 
Hl{R,X*) (see |H] and [51 p. 466]). If L'^^{M.) denotes the space of odd bounded functions with 
compact support in M, then L'^^iM) is a dense subspace of iJ^(M). Hence, according to |20l Lemma 
2.4], L'^^{R)®X* is a dense sulDspace of HliM., X*). Our objective is to see that / S BMOo(K, X). 
In order to prove this it is sufficient to show that, for a certain C > 0, 



{f{x),g{x))dx 



<C||5||hi(k,x*), geL^im^X* 



Let g e L'^oW (^X*. We can write g = X^^Ii where G X* and g^ e iJ?°o(M), i = 1, . . . , TV. 
It is clear that 



AT 



{f{x),g{x))dx {f{x),g{x))dx = 2^ f^{x)gi{x)dx, 



where = {f{x),a,), a; G M. Let i = 1, . . . , TV. We have that (1 + x"^)-^ fi £ L^{0,oo). Since C 

is a UMD space, by using Lemma 2.3 {gi-jj^xifj^t^) E L^{0, oo), for every G 5a (0, oo) such that 
x'^^{x)dx — 0. Moreover, 

l|C+(/»#A0(t))|lL~(O,oo) < l|ai||A-||C9^(/#A0(t))||L~(O,oo) < 00. 

We choose a function -0 e S'a(0,oo) that is complementary to (j) and such that x^^{x)dx — 0. 
By applying now Lemma |2.5| we get 

^ dydt 

Uijr\(P(t))[y)[gi^xV(t))[y: 

lo Jo 



{f{x),g{x))dx=2Y, / (/.:#A0(t))(2/)(ft#A0(t))(2/)- 



A^ /"OO /"OO 



=2E 

i=l 



{{f#\<t>(t)){y),ai) {gt#\ilj(t)){y) 



dydt 



oo />oo 



JO 
oo />oo 



(/#A0(t))(y),E«''(3»#AV'(t))(y)^ ^ 



=2 



((/#A0(t))(2/),(5#AV^(t))(2/)) 



dydt 



10 Jo 

According to Lemma [2. 3| and Lemma [2. 4| it follows that 

/"OO /"OO 



{f{x),g{x))dx 



<c 



<c 



Jo 

oo 



|((/#A0(t))(y),(g#AV'(t))(2/)) 



dydt 







C+{f#x4>(t)){x)A+{g#x^^^)){x)dx 



<C||C+(/#A0(t))|Uo.(o,^)P+(g#A^(t))|Ui(o,, 

<C||C+(/#A0(t))||L==(o,oo)ll5llHi(R,A:')- 
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Hence, we conclude that / e BMOo{R, X) and 

L°° (0,00) • 



□ 



4. Proof of Theorem 11.51 

4.1. Proof of (i) =^ (ii). Assume that X is a UMD Banach space and / is an odd X- valued function 
such that (1 + x^)^^/ e L^{M.,X). According to Theorem 1.4 we need only to show that, for a 
certain C > 0, 



f{z)tDx,^Pt\z,y)dz 



L°°(0,oo) 



< C||/I|bMOo(R,X)- 



We are going to follow the same procedure as in the proof of (i) in Theorem |1.1[ We fix a bounded 
interval / — {xj — |/|/2, xj + |/|/2) C (0, 00) and we decompose / as usual by 

/X(0,oo) = (/ - /3/)X3/ + (/ - /3/)X(0,oo)\3/ + fsi = fl + f2 + fs, 

where 3/ = (0, 00) n {xj — 3|/|/2, xj + 3|/|/2). Our objective is to see that 



(39) 



1^1 



1/? 



A+{G,\\I\/2y{x)dx\ <C\\f\\ 



where C > does not depend on / and /, and 



G,{y,t)^ f,{z)tDx.,Pt{z,y)dz, t,ye(0,oo), i = l,2,3. 
Jo 



Lemma 2.2 implies (39 1 for i = 1. To show (39 1 for z = 2 it is enough to establish that 

t 



(40) 

We can write 

\tDx^,P,\z,y)\ < C { Pt\z,y)+t{yz)^ 
Observe that 



tDx^,P,\z,y)\ <g ^2 + (y,^)2 ' t,y,z^{0,(x)- 



{sm9y^^'^y{l - cost 



[{y-z)^ + t^ + 2yz{l-cose)]^+y^ 



d9 \ , t,y,z £ (0, 00). 



(sin6l)2^-i?;(l -cos6i) 



V2 [{y-z^ +t^ + 2yz{l ~ cos 9)]^+V- 



-de < c- 



tiyzY 



(sin ( 



\2A-1 



(41) 



<C- 



t 



yz 



< C- 



t'^ + {y- z)2 7^/2 [y2 + _|_ ^2 _ 2yz cos ( 



r, t,y,z e (0,00). 



-d0 



+ {y - z)^ \y^ + z'^ J ~ f^ + iy-z) 

In order to analyze the integral over (0,7r/2) we distinguish two situations. Suppose first that 

t,y, z (0, 00) and z > \y — z\ + t. Then 



t{yz)' 

(42) 

<C 



tt/2 



{smey^'^y{l - cos( 



[(y-z)2 + i2 + 2yz(l-cos6')]^+3/2 



dO < CtyiyzY 



tt/2 



g2X+l 



[(y-z)2+t2+y;26»2]A+3/2 



de 



t 



,2A+1 



rdu < C- 



t 



Z[{y - Z)2 + t2]l/2 (1 + „2)A+3/2 "^"^ ^ ^ {y - + 

On the other hand, if t,y,z G (0, 00) and z < |y — + t, we obtain 
(sin0)2^-ij;(l_cos0) ^^^^ ty 



tivzf 
(43) 



''^^ 02\+i ( yz \ ,n 

[{y-zY +t^ + 2y z{l- cos 9)]>-+y^^" {\y^z\^ + t^)y^ Jo KyzOy 



rdO < C- 



(|y-z|2+t2)3/2 - (y_2)2+t2- 



By [301 p. 86], (411, (42) and (B3| we conclude that (40 1 holds 
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Finally, we are going to show (39) for z = 3. We have that 

!//2 /•2y 



< / \tDx^^Pt^{z,y)\dz + 



y/2 



/ \tDx,zPt^(z,y)\dz 

J2y 



Our objective is to establish for Aij, j = 1,2,3, estimates similar to (35), (36), (37) and (38). From 
( 40 1 we deduce that 



M,iy,t)<C 



We also have that 



M2{y,t)<C 



t + y 

tjzyyy 
y/2 t^'^' 



t,y e (0,oo), j = 1,3. 



dz < 



C{^y^^\ t,j/e(0,oo). 



Note that the exponent in the last inequality differs from the one appearing in ( 36 1 , but the com- 
putations made in the proof (i) in Theorem 1 1 . 1 1 can be done in the same way. 

Our last step will be to justify that 

M2{y,t)<C-, t,2;e(0,oo). 

y 



By keeping the notation in the proof of Lemma |2.2| we can write 

M2{y,t) < [ (C2{z;y,t) + {Ci{z;y,t) ~ £i,i{z;y,t)) + {Ci,i{z;y,t) - Ci.2{z;y,t)) 

Jy/2 ^ 

+ i^i.eiz; y, t) - Ci^iz; y, t)) + td^iPtiy - z))jdz . 



We treat each summand. We get 

\C2{z;y,t)\ <Ct\yz)^ 

<Ct{yz) 



(sin6l)2^-i(|z-y|+y) 
'^/2 [{y - zY + t2 + 2yz(l - cos0)]^+2 

(sin 61) 2^^1 

77/2 + ^2 + t2 _ 2?/ZCOS0]^+l 
A+1 



de 



-dd 



yz 



yz \y^ + z^ 
Also, by ^ p. 483] it follows that 

\jri{z;y,t)-Ci^i{z;y,t)\ <Cf{yzy 

<Ct{yzf 



t 



<C— , t,y,z € (0,oo). 
yz 



7r/2 n2\+l 



{\z-y\+ye^) 



[(y-z)2+f2+y;26/2]A+2 
7^/2 n2\+l 



de 



[{y- zf +yze^]^ 



+1 



de 



<C— ( 1 + log 
yz 



\z-y\ 



, t e (0,oo), y/2<z< 2y, 



and 



|£i,i(z;2/,t)-£i,2(z;y,i)| <Ct\yzy 



7r/2 



32A+3, 



[(y-z)2+t2+y;j6l2]A+2 



de 



yz 



<C— 1 + log+ 



\z-y\ 



t e (0, cx)), y/2 < z < 2y. 



Moreover, by (17) we obtain 



l^i,6(z;y,i) - -Ci,4(z;y,<)| <C \Ix{z;y,t) + t{yzy 



Q2A-1 



-de , i,y,z e (0,cx)), 



where Xx is defined in (|18|). We have that 

t{yzf 



g2A-l 



./2 [(y-z)2+i2+yz02]A+l 



< Ct{yzy 



^,2[{y-z? + t^ + yze^y+^ 

I ——^de<C-,t,y,ze{0,oo). 

^12 {yze^y+^ yz 
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Also, we write 



/- e'^^+^y f°° 

t) ^t^y^)^ [(. - + + 2/^-^^+^ " '^^'^^^ L [iv - z)^ + + V^O^V^^'' 
=^i{z;y,t) -ll{z;y,t), t,y,z e {0,oo). 
The change of variables u — O^J zy/{{z — y)^ + t^) leads to 

Tliz;y^t)<Ct\yzf-^'^j^ [(^ „ ,)2 + ,2 + ,,,2]A.i - ^^7^ _ ,)2 + ,2 ^ (TT^'^^ 
<C-Pt{y-z), te{0,^), y/2<z<2y. 

y 

We have that 

noo 02A+1 ^ 

Il{z-y,t) <Ct{yzf fl2U+3/2 ^^^^-' (0,oo), y/2<2<2y. 

Putting together the above estimates and taking into account that d^Ptiu ~ z)du = 0, z € M, we 
obtain 



M2{y,t) <C 



2a . . . 

Pt{y - z)dz 



y 



- / V- f 1 + iog+ + Pt{y - z)] dz+ [ 

y Jy/2 \Z \ ^ \z~y\J J J(-oo,y 

[ - (l + log+ TT^—i) du+ [ Pt{u)du + 1 



/2)U(2y,oo) 



<C-, t,ye(0,oo). 
y 



Then, (39 I for z = 3 can be proved by proceeding as in the proof of the corresponding property in 



Theorem 11.11 

Thus the proof of this part of Theorem |1.5| is completed. 



□ 

4.2. Proof of (ii) =>■ (z). According to |6l Theorem 2.1], in order to see that X is a UMD Banach 
space, it is sufficient to show that the Riesz transform R\ associated with the Bessel operator Aa, 
can be extended to U'{{Q,oo),X) as a bounded operator from U'{{Q^oo),X) into itself, for some 
I <p < oo. We recall that Rxf = DxA^^^^f, for every / e C^(0,oo), where D\ = x^-^x~^ and 

/•CO 

^x"^f{x) = / Phf){^)dt, f e Cr(0,oo) and x e (0,oo). 



i?A is a Calderon-Zygmund operator ([2, Theorem 4.2 and Corollary 4.4]) and it can be extended 
to L^(0,oo), 1 < p < oo, as the principal value integral operator 



Rxfix)^ lim / Rx{x,y)f{y)dy, a.e. a; € (0, oo), 

for every / £ i^(0, oo), 1 < p < oo, where 

POO 

Rx{x,y)^x^ d^{x-^Pt^{x,y))dt, x,y G {0,oo), x ^ y. 



R\ is a bounded operator from L'°(0, oo) into itself, for every 1 < p < oo, and from i"'^(0, oo) into 
L^'°°{0,oo). We denote by R*^ the adjoint operator of R\ in L^(0,oo). R*^ is a principal value 
integral operator given by, for every g e ^^(0, oo). 



We can see that 



R*x9i^) ^ lim / R\{y,x)g{y)dy, a.exe(0,oo). 

"^^0+ Jo,\x-y\>e 



Rlg = DlA^l{^g, 56^^(0,00). 



Since Aa+i — DxD\, R\ is the Riesz transformation associated with the Bessel operator Aa+i. 
Moreover, R*^ is a Calderon-Zygmund operator (see |2l Proposition 4.1]). 
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R*^ is extended to L'^{0, oo) (g) X in the natural way. Our objective is to show that 

(44) \\{R*J)o\\BMOA^,X)<C\\fo\\BMO^iR,X), / G (0, oo) ® X, 

where (i?^/)o and fo denote the odd extensions to M of R*^f and /, respectively. (44) implies that 
X is a UMD space. Indeed, from (44) we deduce that 

(45) |li?A/llsMO((0,oo),X) < C|1/||l-((0,oo),X), / € (0, CX)) ® X 

Suppose that is a finite dimensional subspace of X. Then. L'^{0, oo) (E) E — L^((0, oo), E). By 
( 45 1 we have that 

(46) \\Rlf\\BMOmoo),E) < C\\fh f&L^{{0,^),E). 

Note that the constant C in ( [46| does not depend on the subspace E. Since R*^ is a Calderon- 
Zygmund operator, [27, Theorem 4.1] allows us to obtain that 

Pa/IIl^((o,oo),£) < C^II/IIl^((o,oo),£), / e L-((0, oo), E), 
where C > is independent of E. 

Hence, we conclude that 

PI/IIl=((o,oo),x) < C|l/|U2((o,^),^), / e L^{0, oo) ® X, 
and, since |2j Theorem 2.1] also works when R\ replaces R\, X is UMD. 



We are going to prove (44). Let / e LJ!°(0,oo) X. The odd extension of / to M can be 
written / = J^^^i > where f-j e L'^^{M.) and bj £ X , j ^ 1, . . . , N e N. We have that 

N 

^a(/)-E^:'-^a(/.), 

J = l 

on (0, oo). 

Since R*^ is a bounded operator from L'^(0, oo) into itself (^ Theorem 4.2]), Holder's inequality 
leads to 

N 



Jm 1^ + X 



(0,oo) 



Hence, we can apply ([5| to obtain 

(47) ||(i?l(./))o||BA/0„(E,X) < C\\C+{tdtPtHRl{f)mL^iO,oo). 

We define the function Qf{f) by 



QtU){x)^ Qt{^,y)f{y)dy^J2^J QH^,y)fdy)dy, i,xe(o,oo), 

./O Jo 

where 

^A/ ^ 2A, ,^ r (x- y cos 6*) (sin 61)2^-1 ,^ , 
Jo (a; + y + t — 2a::y cos 6')-^+^ 
The function Qi{f) is called AA-conjugate to the Poisson integral P^{f), because of the following 
Cauchy-Riemann type equations 

being Dl = -x-^£x^. 

We define the function Q^ig) by 

/•oo 

Q^{9){x) = / Q^{y, x)g(y)dy, t,x € (0, 00), 



where g € L2(0,oo). The following Cauchy-Riemann type equations are satisfied 

Moreover, by using the Hankel transformation (see |^ (16.5)]) we can prove that 

P,\Rlg)^q^{g), geL^iO,^). 
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The above relations allows us to write 

dtPt^RlfKx) = dtQ^{f){x) = Dl^P^+\f){x), t,xe (0,oo). 
Also, from [26, (5.3.5)] it follows that 

poo 

Dl.,P^+\f){x)= Dx,.P^\x,z)f{z)dz, t,xG(0,oo). 
Jo 

Hence, from ^ we deduce that 

(48) \\C+itdtP,\Rl{m\\^^^^^^^ < C\\fo\\BMO.iR,xy 



By combining (47) and (|48| we get (|44| and the proof of this part of Theorem 1.5 is finished. 

□ 
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